Student academic underachievement is a concern of paramount importance in Europe, where around 15% of the students in the last high school courses do not achieve the minimum knowledge academic requirement. In this paper, we propose a model based on a system of differential equations to study the dynamics of the students' academic performance in the German region of the North Rhine-Westphalia. This approach is supported by the idea that both good and bad study habits, are a mixture of personal decisions and influence of classmates. This model allows us to forecast the student academic performance by means of confidence intervals over the next few years.
Introduction
In many countries of the European Union, in the last courses of high school, the rates of academic underachievement are at very worrying levels [6, 14, 16] . The concern about the high level of academic underachievement is completely justified not only by the high rates, but also by the negative effects on the country's economic development, especially in unemployment and its serious consequences.
Taking into account the different learning theories [17] , in particular, the Vygotskian perspective [21] and the recent studies published [3] confirm that habits and behaviour may be socially transmitted. In our context, academic and study habits, in addition to considering autonomous behaviour of students who take decisions about their own priorities, goals, etc., we assume that academic habit is a socially transmitted behaviour [11, 25] . These social contacts have an influence on the probability of transmission of study habits. We treat academic performance, paying special attention to academic underachievement as a result of certain academic habits that are susceptible to be transmitted through social contact. The main idea behind this approach is that *Corresponding author. Email: alsncsnc@posgrado.upv.es these appropriate or inappropriate habits may spread from one student to another, more probably between students of the same academic level [11] . Notice that this issue is based on pedagogical strategies that consider mixing groups of students with bad and good academic results in order to induce improvement of them (Educational Inclusion) [19] .
To address this approach, in this paper, we focus on the German region of the North RhineWestphalia and propose a model to study the evolution of the students' academic performance in the last three courses of the high school (levels 11, 12 and 13). In the German system, these are the most important stages just before getting access (or not) to the university. This is of paramount importance for society because the percentage of high school academic underachievement constitutes a serious problem not only for these individuals and their families, but also for the society that has invested an important amount of money in their previous training.
To do that, we use mathematical epidemiology and statistical techniques. This approach could be of great interest because a new plan of study will come into force next year in the North RhineWestphalia. The predictions of the academic results using confidence intervals could be compared with the real ones corresponding to the new curriculum in order to evaluate if the change is as good as expected.
Model building

Available data
According to the data, we say that a student promotes if, in case the course finishes now, he or she will pass to the next level or graduate satisfying the current legislation into force in the North Rhine-Westphalia. Otherwise, this student is in the non-promote group. The legislation establishes that the grades in the North Rhine-Westphalia are 'very good' (1), 'good' (2), 'satisfactory' (3), 'sufficient' (4), 'bad' (5) and 'very bad' (6). A student in levels 11 and 12 does not promote if he/she obtains a grade of 5-to-6 in either at least two main subjects, or at least three minor subjects. Major subjects include mathematics, physics, etc., while minor subjects include music, etc. [9, 18] .
The available data that we have considered in this paper correspond to the academic results belonging to the students of the last three high schools courses during the academic years from 2006-2007 to 2010-2011, in both state and private high schools all over the North RhineWestphalia, divided by gender, level and promote/non-promote. The corresponding data can be seen in Table 1 [8] .
The type-epidemiological model
Our mathematical model is built following an epidemiological approach considering that the student academic performance of a student, Girl (G) or Boy (B), is a mixture of her/his own study habits and his/her classmates study habits, good or bad. In our model, we assume that the transmission of academic habits is caused by the social contact among students who belong to the same academic level [3, 21, 22] .
The subpopulations of the model will be (time t in years and i = 1 for level 11, i = 2 for level 12 and i = 3 for level 13):
is the number of girls of level i who promote at time t.
• B i = B i (t) is the number of boys of level i who promote at time t.
•Ḡ i =Ḡ i (t) is the number of girls of level i who do not promote at time t.
•B i =B i (t) is the number of boys of level i who do not promote at time t. Furthermore, we consider the following assumptions to design the model:
• Let us assume a homogeneously mixing population, i.e. each student can contact with any other student in the same educational level [13] .
• Negative autonomous decision: For each academic level, i = 1, 2, 3, students belonging to the promotable groups G i or B i may change their personal study habits and, this change may lead them to obtain bad academic results, moving toḠ i orB i . We assume that this transition is proportional to the number of pupils in G i and B i , and it is modelled by the linear terms α G i G i and α B i B i . According to educational experts, it is assumed that the academic attitude is different in the same educational level depending on gender: girls are usually more responsible for their academic performance than boys [7] . This leads us to suppose the following inequality constraints: α
. In addition, we assume that α
because students in the higher levels are more mature than their mates in the lower levels [7] .
• Negative habits transmission: For each academic level, i = 1, 2, 3, students in G i or B i may move to the non-promotable group,Ḡ i orB i , respectively, due to the negative influence transmitted by encounters between students (girls and boys) in the non-promotable group in the same academic level. Hence, these transitions are modelled by the nonlinear terms β
and β
BB i
are the corresponding transmission rates where the first superindex denotes the group susceptible to acquire bad study habits and, the second one denotes the group that transmits bad study habits. All specific factors and social encounters involved in the transmission of the bad academic habits are embedded in β parameters.
• Positive autonomous decision: Analogous to negative autonomous decision, students belonging to the non-promotable groups may change their personal behaviour towards their study habits and, this change may lead the students to improve their academic results, moving to G i or B i . We assume that this transition is proportional to the number of pupils inḠ i andB i , and it is modelled by the linear terms γ + j ≤ t ≤ • Abandon: For each academic level, i = 1, 2, 3, a proportion of the students inḠ i orB i with bad academic results may leave their studies by autonomous decision. We also assume that these transitions are proportional to the number of pupils inḠ i andB i . This situation is modelled by the linear terms η G iḠ i and η B iB i .
• Access: New students enter into the level 11 in the month of September in the promotable groups of girls and boys. It is modelled by the functions Thus, under the above assumptions, we build the nonlinear system of ordinary differential equations (1)- (3) in order to describe the dynamics of students' academic performance in the German region of the North Rhine-Westphalia.
The flow diagram, associated with the above model, is plotted in Figure 1 . 
Scaling, fitting and predictions
Data in Table 1 are in percentages, meanwhile model (1)- (3) is referred to number of students and the total population is varying in size over the time. It leads us to transform (scaling) the model into the same units as data in order to fit the model with the data. To do that, we follow the techniques developed in [12] about how to scale models where the population is varying in size. Here, we will not show the process and the scaled model because it is a technical transformation, the resulting equations are more complex and longer and do not provide extra information about the model. However, if the reader is interested in details, the website http://scaling.imm.upv.es shows the full process of scaling. Moreover, the scaled model has the same parameters as the non-scaled model with the same meaning. In order to avoid introducing new notation, we consider that the subpopulations
correspond to the percentage of Girls and Boys in the promotable and non-promotable groups in the levels 11, 12 and 13. Now, we compute the model parameters that best fit (in the mean square sense) the scaled model with the available data collected in Table 1 and the data.
The parameters that best fit the model to data will be those that minimize the above function. The minimization process has been done using the Nelder-Mead algorithm [15] Once the parameters are estimated, we are able to give predictions of each group and level over the next few years by computing the solutions of the model for values of time t in the forthcoming future.
Introducing uncertainty in the model parameters and predicting the next few years
Uncertainty is a key part of the real world and it should be considered in modelling. Hence, the deterministic prediction can give us an idea about the future trends but the obtained values may not be as accurate as expected. Thus, we propose forecasting future evolutions using confidence intervals. In order to calculate these confidence intervals, let us use the technique called bootstrapping. Bootstrapping is a sophisticated and efficient method for determining a non-parametric probabilistic estimation of model parameters [4, 5] , which allow us to obtain predictions with confidence intervals. Specifically, the probabilistic estimation of the parameters is performed using a residual bootstrapping approach. In order to do it, we consider the general procedure presented in [4] .
Error term analysis
To analyse the error terms (residual terms), we followed the next steps:
• We compute the output of the model with the estimated parameters (deterministic parameters) at the time instants t = 2006-2007, . . . , 2010-2011 and compute their differences (errors) with the corresponding data from Table 1 .
• We analyse if the error terms are correlated. The Pearson correlation coefficient is used. The obtained results from the matrix of Pearson correlation coefficients for the errors terms indicate that none of the p-values is statistically significant (p-value > 0.05), hence the set of all pairs of errors are not correlated.
• Taking into account the Box-Ljung test [10] , we also analyse if each error term is autocorrelated. Note that this non-parametric test can be used to check the hypothesis that the elements of a sequence are mutually independent. The obtained results allow us to accept that the error term corresponding to the level 13 -promoted boys is statistically significant (p-value = 0.027), therefore there is autocorrelation. However, the rest of the test statistic values are not autocorrelated (p-value > 0.05).
• For all the non-autocorrelated error terms, the normality of the distribution of errors is checked by the Shapiro-Wilk Normality test [24] . We have obtained the p-values corresponding to each error term and they are not statistically significant (p-value > 0.05), except for the error of the level 11 -promoted girls, whose p-value is 0.034. Therefore, we can accept that all the errors present a univariate normal distribution excluding the error corresponding to the level 11 -promoted girls whose random error terms will be obtained, as seen in Section 4.2, by a different process.
Generating new output perturbed data
To generate the new perturbed output, we obtain 10,000 random error terms by different processes according to the statistical properties of each error term:
• For all the error terms, except the ones corresponding to the level 11 -promoted girls and level 13 -promoted boys, we sample 10,000 random error terms following the univariate normal distribution with their means and variances, respectively, obtained from the error terms. For the autocorrelated error term corresponding to the level 13 -promoted boys, we sample 10,000 random error terms using autoregressive (AR) techniques [1] . This has been carried out by fitting an AR time series model to the data [2] . In this case, the obtained autoregressive function, AR(1), whose coefficient has been estimated by The R Project for Statistical Computing [20] using the Stats package, is defined as e t = −0.7833397e t−1 + r t , where e t is the obtained error and r t is the white noise at time t = 2006-2007, …, 2010-2011. Then, we generate a set of 10,000 white noises. For that, we obtain its probability distribution using the Shapiro-Wilk Normality test with p-value = 0.8088, which confirms that the white noise terms follow an univariate normal distribution with μ = 0, σ = 0.000367. We add these generated white noises, r t (10,000 times) to the previous expression of e t , obtaining 10,000 error terms. For the last error corresponding to the level 11 -promoted girls, we assumed that the total sum of the error of each instant t is 0. This assumption allows us to obtain it by means of arithmetic operations.
• We add each one of the error terms (10,000 error sets obtained in the previous step) to data in Table 1 , obtaining a new set of perturbed data.
• We compute the parameters which best fit (in the mean square sense) the model with the set of perturbed data and store them, using the same procedure we used to estimate the obtained parameters in Section 3. Note that this procedure allows us to have 10,000 sets of values for the model parameters.
Obtaining confidence intervals for model outputs
Finally, the confidence intervals are obtained as follows:
• For each one of the 10,000 set of parameters, we solve the scaled system of differential equations in order to compute the model output for each subpopulation of students and t = 2011-2012, . . . , 2014-2015. Once the models are solved and in order for obtaining the estimation of the confidence intervals, we select the set of parameters which the resulting mean square error value is, at most, 5% greater than the best model fit obtained in Section 3. The set of parameters satisfying the above conditions are 1000.
• For each t and each subpopulation, we have a set of 1000 model output values. Then, we compute the mean, median and the 95% confidence interval by percentiles 2.5 and 97.5. These confidence intervals give us the non-parametric probabilistic prediction of the evolution in the next few years. The obtained results can be seen in Table 2 .
Thus, in Figure 2 , we can see graphically, for each subpopulation, the real data from Table 1 (black points) and the 95% confidence intervals (solid lines). The dashed line in the middle of the confidence intervals represents the mean of the 1000 outputs for each subpopulation at each time instant, where we have data about the academic results of German students in the North Rhine-Westphalia. These mean values are the ones obtained from our model and these predicted values from the academic year 2011-2012 to 2014-2015 appear in Table 2 . Furthermore, we can observe that the obtained predictions in our model fit the real data and draw the different with decreasing trends. Even though it would have been desirable that all the points lay inside the bands (95% confidence intervals), observe that the points outside the bands are, in fact, very close to them. It is remarkable that the uncertainty bands around the dashed curves (means) stretching from 2011-2012 to 2014-2015 is tight despite the large number of model parameters. These facts make realistic our model approach and predictions in short-term, for the next four-eight academic years.
Conclusion
In this paper, we present a model to study the dynamics of the students' academic performance in the German region of the North Rhine-Westphalia. In this model, we divide the students by gender and academic levels, and it is based on the assumption that both, good and bad study habits, are a mixture of personal decisions and influence on classmates. Using data of the students' academic performance, we estimate the model parameters fitting the model with the data. Thus, we can predict with confidence intervals the students' academic performance in the next few years. In Figure 2 , it is expected that the decreasing trend in all non-promotable groups continues in the next years. For instance, in the course 2014 − 2015, around 2% of the students will not promote ( Table 2) . This model will allow us to compare the student academic performance of the coming new studies plan to the current one in order to evaluate if the change is as good as expected.
